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We investigate the performance of two recently developed subgrid-scale models, the approximate deconvolution
model and the high-pass filtered Smagorinsky model, in large-eddy simulations of laminar-turbulent transition in a
supersonic boundary layer. Subharmonic transition in a boundary layer at a freestream Mach number of 4.5 and a
Reynolds number (based on initial displacement thickness) of 10,000 is considered, which has been studied
previously in detail by direct numerical simulations. For computational efficiency, the temporal simulation approach
has been adopted. The discretization is based on Fourier collocation and various high-order finite difference schemes
in the wall-parallel and wall-normal directions, respectively. Large-eddy simulations results are assessed by
comparing statistical and instantaneous quantities during transition with data obtained from a sufficiently resolved
direct numerical simulation. The results show that the large-eddy simulations accurately reproduce the direct
numerical simulations data from the slightly disturbed laminar flow through transition into the turbulent stage, with
a computational effort of two orders of magnitude less than the direct numerical simulations. Both subgrid-scale
models are formulated locally in space and in a fully three-dimensional manner and do not need an ad hoc adaptation

to nonturbulent or near-wall regions.

Nomenclature
Ay = amplitude of noise disturbance
Asp = amplitude of two-dimensional wave disturbance
a = speed of sound
o = skin-friction coefficient
C{%" = HPF model coefficient
¢y, ¢, = specific heat coefficient at constant volume, pressure
E = total energy
F = generic flux function
G,G; = primary low-pass filter (in direction x;)
H = high-pass filter
Hy, = shape factor
1 = identity operator
L, = reference length
M = Mach number
mi" = modeled subgrid-scale stresses
N = deconvolution order
Pr = Prandtl number
Pr, = turbulent Prandtl number
p = pressure
On = deconvolution filter
q; = heat flux caused by conduction
Re = computational Reynolds number
S;j = strain rate tensor
T = temperature
t = time
U = streamwise velocity component
u; = velocity components
X; = spatial coordinates
o = streamwise wave number
o; = subgrid-scale terms in energy equations
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B = splitting parameter for entropy splitting

Bi = nonlinearity due to viscous stresses

4 = ¢,/c

A = filter width

A, = grid spacing in direction x;

A, = time interval

8 = Kronecker delta

3o = 99% boundary-layer thickness

8, = displacement thickness of the boundary layer
3, = momentum thickness of the boundary layer
7 = dynamic viscosity

P = density

0;j = subgrid-scale stresses

T = components of the shear-stress tensor

X = relaxation coefficient

v = state vector

10} = wave number

W, = filter cutoff wave number

w, = numerical cutoff wave number

* = convolution operator

(-) = average

Subscripts

00 = freestream quantity

Superscripts

* = dimensional quantity

“) = Favre average

“) = Favre fluctuation

“) = computed according to definition with filtered
. variables

¢ = computed according to definition with deconvolved
_ variables

“) = filtered quantity

“) = Fourier transform (transfer function)

()* = deconvolved (defiltered) quantity

I. Introduction

HE majority of numerical studies in the literature on laminar-
turbulent transition have focused on incompressible flows.
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However, in many cases, it is crucial to include compressibility
effects, in particular, when dealing with high-speed flows. Transition
in compressible flows is known to be substantially more complex
than in incompressible flows [1-3]. Whereas in a subsonic
compressible boundary layer the stability characteristics and routes
to turbulence are qualitatively similar to those observed in
incompressible flows, in supersonic boundary layers above Mach
numbers M of about two, multiple unstable maxima appear in the
stability diagram. The regions around the maxima are usually termed
the Mack modes; however, from a mathematical point of view, they
belong to the same normal mode [4]. In particular, the second Mack
modes belong to an (inviscid) acoustic instability, and for Mach
numbers above about four, their growth rate can exceed that of the
unstable Tollmien—Schlichting (TS) wave (first mode). Generally, in
higher Mach-number boundary-layer flows, the most unstable first
modes are oblique waves, in contrast to the second mode, for which
the highest growth rate occurs for two-dimensional waves [5].

A number of direct numerical simulations (DNS) of transition in
compressible boundary layers have been published (see, for
example, [6,7] (and the references therein) and the review by
Rempfer [8]). The subharmonic transition process in a Mach 4.5
boundary layer, starting from the weakly disturbed laminar flow up
to fully developed turbulence, has been simulated previously in
temporal DNS by Adams [9], Adams and Kleiser [10] and Mielke
and Kleiser [11]. Detailed analysis of the flow development has been
undertaken and mechanisms of transition were identified, including
the role of A vortices, various shear layers, and hairpin vortices in the
breakdown stage of transition. Consistent with experimental
observations, an overshoot of the skin friction during the later
transitional stages beyond the turbulent value has been observed. In
the present work, we will focus on the specific case initiated by
Adams [9].

The application of large-eddy simulations (LES) to laminar-
turbulent transition has only recently become a topic of active
research. These studies showed that when using appropriate subgrid-
scale (SGS) models, the necessary resolution for transition
simulations can be lowered significantly, compared with the DNS
(see, for example, Germano et al. [12] and Meneveau et al. [13]). It
should be noted that transitional flows are substantially different
from turbulent flows, because there is, for example, no fully
developed energy cascade and the slow growth of various instability
modes and their interaction with the base flow needs to be resolved or
modeled appropriately. Furthermore, the SGS model has to cope
with the simultaneous presence of laminar, various transitional and
fully turbulent flow regions within the computational integration
domain, and with the specific effects of solid walls [14].

Unlike for incompressible flows, only a few LES of laminar-
turbulent transition in supersonic flows have been performed. For
example, El-Hady and Zang [15] used the dynamic mixed model [16]
with a dynamic eddy-diffusivity ansatz for the simulation of the
transition process in a zero-pressure gradient boundary layer at a
Mach number of M = 4.5. To avoid instabilities from the dynamic
procedure [12], they employed averaging of the dynamic coefficients
over wall-parallel planes, which does not result in a spatially local
formulation of the SGS model. Normand and Lesieur [17] performed
LES of laminar-turbulent transition in a boundary-layer flow over a
flat plate at M = 0.5 and M = 5 using the structure-function model
of Métais and Lesieur [18], in which only contributions to the
structure-function normal to the mean shear were considered. Ducros
et al. [19] proposed a modified version of the structure-function
model [18], the filtered-structure-function (FSF) model, and applied
it to LES of transition to turbulence in a spatially developing
boundary layer over a flat plate at M = 0.5. Similarly, Shan et al. [20]
employed the FSF model for LES of a transitional boundary layer at
M =4.5. For all SGS models based on the structure function
[17,19,20], the structure function itself is computed in wall-parallel
(two-dimensional) planes only, which does not result in a fully three-
dimensional formulation of the SGS model. Recently, Teramoto [21]
performed an LES study of a transitional Mach 2 boundary layer
exposed to an incident shock wave using a selective mixed-scale
SGS model. He concluded that the gross features of the boundary-

layer development, including separation and reattachment, were
predicted correctly, but his grid resolution was too coarse to resolve
the breakdown of the large-scale transitional structures.

Transition simulations of spatially evolving flows can either be
performed using the spatial or the temporal framework. In the
temporal framework, only a part of the physical domain (for
harmonic excitation, usually one wavelength of the primary
disturbance) is simulated in time, in a moving frame of reference,
rather than in space. The boundary condition in the streamwise
direction can thus be chosen as periodic, rendering the streamwise
direction homogeneous. The main advantages of the temporal
simulation approach are that the domain can be chosen much smaller
in the streamwise direction than for a corresponding spatial
simulation and, due to the periodic boundary conditions, neither
inflow nor outflow need to be specified. Additionally, more efficient
numerical methods can be applied. Fully resolved spatial simulations
are at least an order of magnitude more expensive in terms of
computer time, in particular, if part of the developed turbulent region
is also included in the domain and simulated accurately.

During the first weakly nonlinear and slowly evolving stages of
transition, the temporal approach is well justified [22], even in the
case of spatially developing flows (e.g., boundary layers). However,
there are differences during the highly intermittent later transitional
stages concerning the evolution of the physical flow structures
[23,24]. Furthermore, using the temporal approach, only forced
transition can be simulated, that is, the instability mechanism is
selected by the initial condition (# = 0). Spatial simulations allow
greater flexibility, because receptivity effects can also be taken into
account (e.g., bypass transition [25]).

It has been shown in a recent study [14,24] that for the purpose of
evaluating appropriate SGS modeling of forced transition in
incompressible channel flows, the temporal framework is sufficient.
In that work, simulation results were obtained for the same physical
test case by using both the temporal and spatial approach. In
particular, the impact of the SGS model on the results was very
similar with both simulation types.

The aim of the present work is to demonstrate that LES using the
approximate deconvolution model (ADM) or high-pass filtered
Smagorinsky model (HPF-SM) subgrid-scale models are also able to
accurately represent the complete transition process in compressible
high-speed flow, in particular, a supersonic boundary layer. To allow
for an accurate assessment of the different LES methods for
compressible transitional flows, in the present study, well-resolved
DNS results serve as a reference. To this end, a DNS similar to those
of [10,11] was performed. Different from the previous DNS,
however, a higher resolution in all spatial directions was employed,
and interpolation necessary to gradually increase the grid resolution
during the simulation was avoided by using a grid fine enough to
capture the laminar-turbulent transition from the beginning of the
simulation.

The physical processes during the transitional breakdown for this
type of flow have already been addressed in detail in the previously
mentioned studies [9,10] and are not the topic of the present
contribution. Rather, the predictions of LES are assessed
quantitatively, and differences and specific modeling issues are
pointed out.

For the LES we employ the approximate deconvolution model
(ADM) [26-28] and the high-pass filtered (HPF) Smagorinsky
model [29-31]. ADM has already been applied to a number of
different flows, including incompressible transitional [32,33] and
turbulent [27] channel flow, compressible homogeneous isotropic
turbulence [26], supersonic boundary-layer flow [34] and the flow
along a compression ramp [28]. The HPF Smagorinsky model has
been used in incompressible transitional and turbulent channel flow
[30] with a detailed analysis of the energy transfer [35].
Compressible spatially developing turbulent high-speed boundary-
layer flow has been simulated successfully by Stolz [29]. For both
SGS models, no special near-wall treatment (such as van Driest wall-
damping functions) for a correct prediction of the viscous sublayer of
wall-bounded turbulent flows or an intermittency function for
computation of laminar-turbulent transition [36] was found
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necessary. Moreover, in contrast to previous LES, both SGS models
are formulated locally in space and in a fully three-dimensional
manner. The simulations using the HPF Smagorinsky model were
performed using a fixed model coefficient (i.e., no dynamic
procedure was necessary).

II. Compressible Governing Equations
and Numerical Method

We employ the nondimensional continuity, momentum, and
energy equations for a compressible fluid. The nondimensionaliza-
tion is done with the dimensional reference quantities U}, p%,, and
T, which are chosen as the freestream quantities in the following,
and the reference length scale L;j is chosen as the initial displacement

thickness §;. The equations written in conservation form are

dp , 0
9 ouy = 1
 + B, (pu;) =0 M
3,014,« d
el o, (puuj + psij — ;) =0 )
oE ad
- +a—xj(Euj—|—puj—r,-ju,-+qj)=0 3)

where the viscous stresses are t;;, the heat flux is g, the pressure
calculated from the total energy E and the kinetic energy is

p=(—-DE- Y Py

the Reynolds number is Re = p*Uj L§/u*, and the Prandtl number
is Pr. The viscosity p* is calculated according to Sutherland’s law.
We also assume the thermal equation of state for perfect gases to be
valid, yM2, p = pT, where M, = U, /a, is the freestream Mach
number and y is the ratio of specific heats.

For the reference DNS and the LES with ADM, the same
numerical discretization was employed as in the earlier DNS by
Adams [9], Adams and Kleiser [10], and Mielke and Kleiser [11],
consisting of a symmetric sixth-order (at inner points) compact finite
difference scheme [37] for discretization in the wall-normal direction
and a Fourier-collocation scheme for the periodic streamwise and
spanwise directions. The second derivatives in the viscous term were
discretized with sixth-order compact finite difference schemes
directly, instead of repeated application of the first derivative
schemes.

For stability reasons, the LES applying the HPF Smagorinsky
model were performed using a high-order numerical scheme as
proposed by Sandham et al. [38], consisting of a fourth-order central
explicit finite difference scheme for the wall-normal direction,
satisfying a summation-by-parts condition [39] and a fourth-order
central scheme for the second derivatives [38,39]. Furthermore, an
entropy-splitting approach that splits FEulerian fluxes into
conservative and nonconservative parts [40,41] was employed. A
splitting parameter 8 = 6 is used such that six of seven Eulerian
fluxes are computed in their conservative form and one of seven is in
the entropy-splitting form [29]. The parameter is thus within the
region 2 < 8 < 8, as proposed by Sandham et al. Similar to the
viscous terms, second derivatives are also discretized directly for the
eddy-viscosity model, to further reduce odd—even oscillations.

The equations are integrated in time with an explicit low-storage
third-order Runge—Kutta scheme [42] for all simulations. Note that
the spatial discretization schemes described earlier do not introduce
additional artificial dissipation. Moreover, simulations with the
considered numerical schemes were found to be unstable on coarse
grids without SGS model, demonstrating the necessity of the SGS
model for the considered case.

As shall be detailed next, the influence of the different numerical
schemes was investigated by performing various LES using ADM
and the HPF Smagorinsky model.

III. Subgrid-Scale Models

In this section, the two different subgrid-scale models used in the
large-eddy simulations are presented in their compressible
formulation.

A. Approximate Deconvolution Model

For simplicity, we demonstrate the ADM approach [26,28] with a
generic one-dimensional transport equation for W € {p, pu,, pu,,
pus, E}, representing Eqgs. (1-3), respectively,

v | OF(Y)
E—’_ ox

0 )

In this equation, the corresponding functional expressions for the
flux F(W) are to be used, and corresponding additional terms of the
flux divergence have to be added for higher dimensions.

We employ explicit discrete filter operations on a grid function u;,
where u; = u(x;) and {x;} is a (not necessarily equidistant) mesh,
defined in one dimension as

Gxul,=i;:= Zaju,-ﬂ- (5)

J==v;

and consider five-point discrete filters with v; + v, = 4 for inner grid
points. The five coefficients a; are determined from conditions given
by Stolz et al. [27], resulting in filters with a cutoff wave number
. &~ 27/3, which s defined by |GA(a)C)| = 1/2, where G denotes the
transfer function of G in Fourier space. For a three-dimensional
domain, the filter is applied in each coordinate direction
successively, yielding u(x;, x,, x3) = G| * G, * G3 * u.

Applying the filter operation (5) to the one-dimensional transport
equation (4), we obtain

U OF
0, I _
ot 0x

0 (©6)

where the effect of the grid discretization has been omitted for ease of
notation. Resolved scales can be recovered to some extent by an
approximate inversion of the filter (5), resulting in an approximation
W* of the unfiltered solution W on the grid {x;} [26]. Assuming that
the filter G has an inverse, the inverse operator can be expanded as an
infinite geometric series of filter operators. Filters with compact
transfer functions are noninvertible, but a regularized inverse
operator Qy can be obtained by truncating the geometric series at
some deconvolution order N, for example, N =5, obtaining a
regularized approximation [26] of G~

N
Oyi=) (I-G)~G )
v=0

where [ is the identity operator. The approximate deconvolution W*
is defined by applying the approximate deconvolution operator Q, to
v

U= Oy x W ®)

Here, we model the filtered flux term directly by replacing the
unfiltered quantities W in the filtered flux term with the approximate
deconvolution W*:

IF (P) N IF (T*)
ax  ox

However, the effect of nonrepresented scales |w| > w, on the
resolved scales cannot be modeled by just replacing the unfiltered ¥
with W* in the flux term [28]. To model the energy transfer from
scales |w| < w, to scales |w| > ®,, energy is drained from the range
. < |w| < w, by subtracting a relaxation term xg(/ — Qy*
G) * U, with xy > 0, from the right-hand side, which results in the
modeled equation:
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= *

Al +w=—Xw(‘P—‘P')=—Xw(1—QN*G) * W (9)
ot 0x

The relaxation parameter xy is determined dynamically from the
instantaneous filtered solution [27,28]. For this determination, we
consider the kinetic energy contained in the range , < |w| < w, and
require that no energy should accumulate in this range during time
advancement, to maintain a filtered solution u; that is well-resolved
by the scales in the range |w| < w.. By construction, the relaxation
term essentially acts in the range |w| > w,, for which a finite
difference discretization becomes inaccurate anyway.

According to Eq. (9), the following equations for the filtered
conservative variables p, pu;, i = 1, 2, 3, and E are obtained as

ap n d(puy)*

o o, =—X,(p—p") (10)

ot
i=1273 (11)

dpu; 0 . (p )" ., o,
p + - 3 (( u;) ’ +p 5:;‘ T )= _Xpu(pui —pu;*)
Xj

E 0 (oup)* ., (pup)* ., (puy)*
- o E* J * J ¥k
at + 8)6_]- ( * + p p* Tl/ * + q./
= —xp(E—EY) (12)

The symbol * indicates that the respective quantities are computed
according to their definition but are based on deconvolved variables.

Three different relaxation parameters y,, X ,,, and x are used for
the continuity, momentum, and energy equations, respectively.
Because the relaxation parameters are computed dynamically from
the instantaneous solution, ADM is parameter-free. Furthermore, it
was shown that a variation of a relaxation parameter x (considered to
be constant in space and time) up to a factor of 8 has only a negligible
effect on the results in incompressible channel flows [27]. A similar
conclusion could also be drawn from LES of transitional channel
flows [14].

B. High-Pass Filtered Eddy-Viscosity Models

For the LES using the high-pass filtered eddy-viscosity ansatz as a
SGS model [29,30], we derive the filtered Navier—Stokes equations
following Vreman [43] and neglect commutation errors due to a
variable filter width. This results in the fundamental equations for the
resolved conservative variables {p, pi,, pii,, pit3, E } being the
filtered density, filtered momentum, and total resolved energy,
respectively. Filtered quantities are indicated by ~. Furthermore,
Favre-filtered quantities, denoted by ", are computed from a mass-

weighted filtering operation q; = p¢/p, and quantities denoted by~

are computed according to their definition but are based on filtered
variables.

The filtered continuity and momentum equations and the equation
for the total resolved energy E = p/(y — 1) + 1 pu; pu; / pare given
by

ap , 0pi;
-4 S = 13
o Ox; ()
dpit; 0 __ . _ . 8,00,/
i % (i B — ) = 14
y +ax, (puii; + pdi; — i) o, +B (14
8E
al [(E+p)u_rljl+Q]_ _a2_a3+a4
+ s — (15)

where the viscous stress tensor is 7;;. The subgrid-scale stresses and
the subgrid-scale term due to the nonlinearity of the viscous stresses

;). pi= " -7) (16)

respectively. Furthermore, the subgrid-scale terms occurring in the
equation for the total resolved energy are

. 8,50 1 0 (i )
M=y, %= gy, P P
ou; 814 0w, _ 0
TPy ax Bx % =T ox; tij 0x;
0 . _ . a _ .
o5 = a (u; Tyj— U;T;), O = g(% - ‘1_/)

J

where o is the SGS dissipation, and «, is the pressure-velocity
correlation that resembles a turbulent heat flux and describes the
contribution of the subgrid turbulence to the conduction of heat. The
term o3 is the pressure-dilatation correlation, and ¢, can be
physically interpreted as SGS molecular dissipation [43].

The HPF Smagorinsky model [29,30] is based on the fixed-
coefficient Smagorinsky model [44] and employs high-pass filtered
quantities H * u instead of @ for the computation of the turbulent
eddy viscosity and the strain rate, where H is a suitable high-pass
filter operator. The HPF Smagorinsky model then replaces po;; in
Eq. (14) by

po; ~ miP = —2p(c§{;ﬁA)2|S(H *@)| - S (H * i)
= —2UHPFS, (H * i) a7

with the strain rate computed as

1(0H«u; OH=*u; 2, 6 0H=xi
(Hx@) == ! I_Z§.. k
Siy(H * 1) ( dx; ax; 37 Oxg )

2 i

and |S(H % @)| = /25;;,(H = @)S;;(H * ). The filter width is
chosen as A = (Ax; Ax, Axz)' /3.

Furthermore, the turbulent heat flux o, in the equation for the total
resolved energy is modeled by an eddy-diffusivity ansatz based on
the gradient of the high-pass filtered temperature:

o VHPE 5(H % T)
g (y— DHPr,M>  dx;

J

(18)

where the turbulent Prandtl number Pr, is set to 0.7. For the SGS
dissipation ¢, no additional model is required because it involves
filtered quantities and the subgrid-scale stress tensor only. The other
SGS terms, a5 to o and f;, are neglected because they are expected
to be smaller than the SGS terms that are modeled [43].

With suitable filters, high-pass filtered quantities are vanishingly
small for smooth velocity profiles (e.g., low-order polynomials) and
the corresponding SGS model contributions are evanescent. In our
work, high-pass filtering is performed by subtracting low-pass
filtered quantities from the unfiltered ones:

Hxii=1-G)*i (19)

with the low-pass filter G defined by Eq. (5). As previously
mentioned, the cutoff wave number of the explicit filter used herein is
w. ~2m/3. In Stolz et al. [30], the sensitivity of the simulation
results employing the HPF Smagorinsky model to the model
parameter C, was investigated. The effect of a variation by a factor of
3 (the squared quantity C3 enters the model) is small for the HPF
Smagorinsky model, whereas a significantly larger effect with the
standard Smagorinsky model was found. To be consistent with other
previous simulations, for example, turbulent and transitional
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incompressible channel flow as well as compressible boundary layer
flow [29,30,35], the model coefficient was set to C?l;p =0.1,
employed in the previous studies.

IV. Forced Transition in a Supersonic
Boundary Layer

The subharmonic transition process of a flat-plate boundary layer
is simulated with a freestream Mach number of M =4.5 and a
Reynolds number of 10,000, based on the freestream velocity and
initial displacement thickness, similar to the direct numerical
simulation of Adams and Kleiser [10]. For the simulations, the
temporal framework is adopted. As initial disturbance, the same
perturbations as in the DNS [10] are employed, consisting of a
second-mode instability with a streamwise wave number o = 2.52
and amplitude A,, =0.4% (with respect to the maximum
streamwise velocity fluctuation). To trigger the three-dimensional
disturbances, random noise of low amplitude (Ay = 107%) is
superimposed. The subharmonic secondary instability evolves from
the noise in accordance with theory and leads to a staggered
(subharmonic) A vortex pattern. For this case, it was concluded by
Adams and Kleiser that, similar to incompressible flow, turbulence is
generated via a cascade of vortices and detached shear layers forming
with successively smaller scales.

The present reference DNS was performed using 160 x 160 x
301 grid points throughout the whole simulation. Discretization is
done with a sixth-order Padé scheme [37] in the wall-normal
direction and a Fourier-spectral scheme in the wall-parallel
directions, as explained in Sec. II. At the outer truncation plane,
nonreflecting boundary conditions combined with a sponge layer
were imposed to avoid reflections. The data of the present DNS
compare well with those of Adams and Kleiser [10]. For the later
stages of transition, only minor differences are visible, in comparison
with the previous DNS by Mielke and Kleiser [11]. In particular, the
prediction of the skin-friction coefficient, the shape factor, and the
three-dimensional visualizations are in good agreement between the
different DNS runs. We can therefore conclude that the resolution for
the present DNS is sufficient to provide accurate reference data for
the assessment of the different LES methods. We have chosen to
recompute the DNS for the present work, because in the two previous
DNS [10,11], the computational grid was changed during the course
of the simulation to adapt to the necessary numerical resolution.
These changes, however, include spatial interpolation from one grid
to another, which could lead to slightly different numerical solutions.
The slight difference in the evolution of the shape factor can be
attributed to this interpolation procedure, which was not necessary in
the present DNS. Moreover, we have used an increased resolution of
160 x 160 x 301 grid points, compared with a maximum resolution
of 128 x 128 x 240 in Mielke and Kleiser and 128 x 128 x 191 in
Adams and Kleiser, to have reliable numerical reference data for
comparison with LES.

cr X 103

0 100 200 300 400 500 600 700 800

t
a)

b)

1023

For all LES, a deliberately low numerical resolution of 32 x 32 x
101 has been used (only 1.3% of the grid points, compared with the
DNS). Using an even coarser resolution the instability modes cannot
be resolved anymore in the initial field, and large differences between
LES and DNS can be observed. Furthermore, it was shown for other
cases that with increasing numerical resolutions, the results of the
LES converges toward the DNS [32,34]. Similarly, in the present
flow case, the LES results converge toward the DNS results with an
increased resolution. Because the LES results obtained with the
comparably low resolution are already close to the filtered DNS
results, LES data using higher resolution are not shown.

To ensure that consistent initial conditions are employed in both
DNS and LES, the LES uses the initial field of the DNS after
performing spectral interpolation in the periodic wall-parallel
directions and B-spline interpolation in the wall-normal direction.
All LES data are compared with the data obtained by filtering the
present DNS results to the LES grid.

Although an LES consumed only about 10 CPU hours on a NEC
SX-5 computer, the (temporal) DNS took 1000 hours using a highly
optimized computer code. A spatial DNS would still cost an order of
magnitude more and is therefore prohibitively expensive in terms of
computer time.

A. Results of LES with the Approximate Deconvolution Model

We consider LES for the transitional supersonic boundary layers
with ADM and different numerical schemes employed in the wall-
normal direction (i.e., a sixth-order Padé scheme [37] and fourth-
order centered explicit finite differences [39]). As mentioned
previously, for all cases, a Fourier-collocation scheme was employed
in the wall-parallel directions. Furthermore, an entropy-splitting
approach is used in combination with the fourth-order finite
differences, similar to the LES using the HPF Smagorinsky model,
presented next (see also Sec. II).

All LES data obtained show very good agreement with DNS data
for the skin-friction coefficient from the laminar well into the
turbulent regime (see Fig. 1a). The skin-friction coefficient clearly
peaks during the highly intermittent transitional phase, &~ 425. Also
visible in Fig. 1, the simulation with the fourth-order finite difference
scheme for the wall-normal discretization (with and without entropy
splitting) predicts transition slightly too early, by about 3.5% of the
total time from initial disturbances (¢ = 0) until transition takes place.
The shape factor H, =4,/8, (with §, = (f('(l — pu)dz and
8, = f(fO pu(l —u)dz, §, being the 99% boundary-layer thickness)
is also predicted well, except for the fluctuations in the later stages of
transition (see Fig. 1b). For the early turbulent phase, the shape factor
was found to be in the range between 9 and 10, as expected from the
experiments of Coles, as cited by Fernholz and Finley [45], and the
DNS of Maeder et al. [46].

LES employing the Padé scheme in the wall-normal direction
perform better than those with the explicit fourth-order finite

16 4

L
450

L
400

500

6 L n n n n n n
0 100 200 300 400 500 600 700 800

t

Fig. 1 Time evolution of integral quantities during transition showing a) skin-friction coefficient ¢, and b) shape factor H,,; dots are filtered DNS and
LES with ADM, solid lines are the sixth-order Padé scheme, dashed lines are the fourth-order centered explicit finite difference scheme in wall-normal
direction, and dotted lines are the fourth-order scheme with entropy splitting.
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Fig. 3 Mean temperature profiles (left) and rms of Favre fluctuations 7" (right) at different stages of transition; lines are LES with ADM and dots are

filtered DNS.

difference scheme at the present resolution. We show statistical
results for mean profiles and fluctuations obtained with the combined
Fourier-spectral/sixth-order Padé scheme (see Figs. 2 and 3).
Statistical averaging is performed over the two homogeneous (i.e.,
streamwise and spanwise) directions and is denoted by (-). The LES
results are compared with the corresponding DNS data, indicated by
symbols in Figs. 2 and 3 for different stages: before transition (initial
field, + =0), during transition (r =385-502), and for the early
turbulent phase (r = 650). The agreement of the mean streamwise
velocity (u) and temperature (T') is very good for all stages. The root-
mean-square (rms) values of the Favre fluctuations for the stream-
wise velocity u” = u — ({pu)/{p)) and temperature 7" are also very
close to the DNS data for all stages of transition and the early
turbulent phase. Note that in the turbulent stage, these data fluctuate
considerably in time but no time averages are used herein. Further-
more, it should be kept in mind that averaging in wall-parallel planes
is performed over much fewer points in the LES than in the DNS.

In addition to evaluating statistical quantities, we assess the
capability of the LES to correctly predict instantaneous flow
structures during the transition process. The physical mechanisms
and flow structures have already been investigated in detail in earlier
work [9,10]. In Fig. 4, we compare selected characteristic transitional
structures predicted by LES using ADM with those present in the
DNS, visualized with pressure isosurfaces. Three distinct stages
within the breakup of the initial Y-shaped shear layer [9,10] are
considered: the L1 roll-up of the Y shear layer at r &~ 405, the L3 roll-
up of the Y shear layer at &~ 416, and the LU1 roll-up at t ~ 423.
These stages are the same as studied by Adams and Kleiser [10] and
denote the first roll-up vortices (L1) near the legs of the A vortices,
the third roll-up stage near the center of the legs (L3), and the
cylinder-shaped vortices forming at the axis of symmetry of the A
vortices (LU1). From Fig. 4, it can be concluded that LES with ADM
captures these transitional structures very well, even on acomparably
coarse grid. Similar conclusions were drawn by Schlatter et al.

t = 405 z=4xl6 t=423
TT=CT BTel T
E_// %\ ] _&’
</ — = 1
"1 3N 7
TR 7
wl N2 f
A = 1
- / 1N e

Fig. 4 Pressure isosurfaces (top view) at different stages of transition; LES with ADM with spectral/Padé scheme (top), DNS (bottom), L1 roll-up of the
Y shear layer (left), L3 roll-up of the Y shear layer (center), and LU1 roll-up (right).
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Fig. 5 Time evolution of integral quantities during transition showing a) skin-friction coefficient ¢, and b) shape factor H,,; dots are filtered DNS and
LES with fourth-order centered explicit finite difference scheme with entropy-splitting, solids lines are the HPF Smagorinsky model, and dotted lines are

ADM.

[24,33] from detailed investigations of laminar-turbulent transition
in incompressible channel flows.

B. Results of LES with the HPF Smagorinsky Model

For the LES applying the HPF Smagorinsky model, we used the
numerical scheme proposed by Sandham et al. [38] based on fourth-
order central finite differences [39] for the first and second
derivatives (in both Stokes fluxes and the eddy-viscosity model) and
an entropy-splitting approach. Simulations without entropy splitting
or with the Padé scheme were found to be unstable for the entire time
interval considered here on the present coarse LES grid.

The time evolution of the skin-friction coefficient ¢, and shape
factor H,, obtained from the LES with the HPF Smagorinsky model
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is shown in Fig. 5, and the profiles of the mean velocity and mean
temperature as well as the corresponding fluctuations are depicted in
Figs. 6 and 7, respectively. The skin-friction peak obtained with the
HPF Smagorinsky model is slightly underpredicted and, similar to
the simulation with ADM using the fourth-order finite difference
scheme, transition is predicted slightly too early, by about At &~ 7 or
3.5% of the total time interval until transition. For this reason, the
profiles of mean velocity and temperature and the corresponding
fluctuations in the rapidly evolving transition process are shown at
times earlier than in the DNS, by about At =7 (see, for example,
Figs. 6 and 7). Mean quantities and fluctuations of the velocity and
temperature are again predicted quite well. We conclude that it is
possible to compute high-speed transitional boundary-layer flows by
coarse-grid LES using the HPF Smagorinsky model. The same
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Fig. 6 Mean streamwise velocity profiles (left) and rms of Favre fluctuations »” (right) at different stages of transition; lines are LES with the HPF

Smagorinsky model (shifted in time by Az ~ 7) and dots are filtered DNS.
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Smagorinsky model (shifted in time by A¢ &~ 7) and dots are filtered DNS.
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Fig. 8 Pressure isosurfaces (top-view) for the LU1 roll-up stage atc, ~ 0.00115. LES with ADM with spectral/Padé scheme (top left, # ~ 405), LES with
ADM with fourth-order FD scheme (top center, f &~ 400), ADM fourth-order FD scheme with entropy splitting (top right, ¢ ~ 395), DNS (bottom left,

t ~ 405), and LES with HPF Smagorinsky model (bottom right, # ~ 398).

conclusion was already drawn for incompressible channel flow by
Stolz et al. [30]. Note that for the HPF Smagorinsky model, a fixed
model coefficient could be used throughout the whole simulation and
no dynamic procedure was necessary.

With the HPF Smagorinsky model, structures of the earlier
transitional stages can be predicted accurately (see Fig. 8). However,
the flow structures present in the transitional process for later stages
cannot be captured with the same accuracy as with using the ADM.
For example, in the L3 roll-up of the Y shear layer, the LU1 roll-up
can clearly be observed in both the LES with ADM and the DNS.
This is mainly due to the SGS model, as can be seen from Fig. §, in
which the LU roll-up is depicted for the simulation with the HPF
Smagorinsky model and compared with results of LES with ADM
and different numerical schemes. The flow structures predicted with
the HPF Smagorinsky model are substantially more noisy than for all
simulations with ADM, and they break down quickly, without
showing the correct physical evolution for the latest stages of
development.

V. Conclusions

The forced subharmonic transition process of a M = 4.5 flat-plate
boundary layer was simulated successfully by means of LES using
the approximate deconvolution model [26-28] and the high-pass
filtered Smagorinsky model [29-31]. LES results were compared
with data obtained from a fully resolved DNS performed for this
purpose. The simulations show that both subgrid-scale models can be
employed for the computation of transitional flows without any
adaptation. This confirms previous findings for transition in
incompressible channel flow with ADM [32] and the HPF
Smagorinsky model [30].

Mean flow data of LES with both SGS models agree well with
DNS data during transition, up to the turbulent stage. Moreover, it
was shown that ADM is also able to capture typical instantaneous
flow structures during the transition process. To separate modeling
and numerical discretization issues, we also investigated the
influence of the finite difference scheme on simulations with ADM. It
appears that for a correct representation of flow structures, the SGS
model is more important than the specific high-order numerical
scheme.
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